Soft polygroups  by Wang, Jinyan et al.
Computers and Mathematics with Applications 62 (2011) 3529–3537
Contents lists available at SciVerse ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Soft polygroups
Jinyan Wang a,b, Minghao Yin a, Wenxiang Gu a,b,∗
a School of Computer Science and Information Technology, Northeast Normal University, Changchun, 130117, China
b School of Mathematics and Statistics, Northeast Normal University, Changchun, 130024, China
a r t i c l e i n f o
Article history:
Received 20 August 2010
Received in revised form 25 August 2011
Accepted 29 August 2011
Keywords:
Soft sets
Polygroups
Soft polygroups
Normal soft polygroups
Strong homomorphism
a b s t r a c t
Soft set theory, introduced byMolodtsov, has been considered as an effectivemathematical
tool for modeling uncertainties. In this paper, we initiate the study of algebraic
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1. Introduction
Uncertainties,which could be caused by information incompleteness, randomness, limitations ofmeasuring instruments,
etc., are pervasive in many complicated problems in engineering, economics, environment science, medical science and
social science [1]. Several theories like probability theory, fuzzy set theory [2], vague set theory [3], rough set theory [4,5]
and interval mathematics [6], can be considered as mathematical tools for modeling uncertainties. However, as pointed out
by Molodtsov in [7], all of these theories have their own difficulties, and one of the major reasons for these difficulties is
the inadequacy of the parametrization tools for these theories. Therefore, Molodtsov proposed the soft set theory, as a new
mathematical tool for dealing with uncertainties, which is free from the difficulties existing in those theories mentioned
above. Furthermore, he demonstrated that soft set theory has potential applications in many directions, including function
smoothness, Riemann integration, Perron integration, probability theory, measurement theory, game theory and operations
research [7,8].
In recent years, research on soft set theory, as well as its applications, especially the application in decision making,
has received wide attention and achieved great progress [1,9–28]. In [9], Maji et al. gave the definition of parameterization
reduction on soft sets, and presented an application of soft sets in a decision making problem by using rough sets. The
application was improved by Chen et al. [10] with the help of a new definition of parameterization reduction. In [11],
Kong et al. discussed the problems of suboptimal choice and added parameter sets of soft sets, and introduced the normal
parameter reduction of soft sets. Furthermore, soft decision making methods [12,13] without using rough sets, which are
more practical and can be successfully applied to many problems that contain uncertainties, were constructed by Çağman
and Enginogˇlu. Also, soft set theory was applied in research on business competitive capacity evaluation [14], recognition
for soft information [15], classification of natural textures [16], optimization problems [17], data analysis under incomplete
information [18] and description logics [19].
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At the same time, work on theoretical aspects of soft sets is also very active. After Molodtsov’s pioneer work [7],
Maji et al. [1] gave further a detailed theoretical study on soft sets. On the basis of the analysis of several operations on
soft sets introduced in [1], Ali et al. [20] proposed some new operations such as restricted intersection, restricted union,
restricted difference and extended intersection of two soft sets. In [12], Çağman and Enginogˇlu defined soft matrices, which
are representatives of soft sets, and Xiao et al. [21] presented the concept of exclusive disjunctive soft sets, which is an
extended concept for soft sets. Recently, the algebraic structures of soft sets have been studied increasingly [12]. Aktaş
and Çagˇman [22] introduced the definition of soft groups and derived their basic properties. Jun et al. [23–26] applied
soft sets in the theories of BCK/BCI-algebras, subtraction algebras and d-algebras, and investigated their related properties.
Furthermore, Feng et al. [27] defined the notions of soft semirings, soft ideals, idealistic soft semirings and soft semiring
homomorphisms. In addition, Sun et al. [28] presented soft modules, Acar et al. [29] discussed soft rings and Jun et al. [30]
analyzed soft ordered semigroups.
On the other hand, the theory of algebraic hyperstructures, introduced by Marty in 1934 [31], is a natural generalization
of the theory of algebraic structures. It has been applied in many areas [32], such as geometry, lattices, fuzzy sets and rough
sets, automata, cryptography, combinatorics, artificial intelligence, probabilities, and so on. Applications of hypergroups
have mainly appeared in special subclasses [33]. One of the important subclasses of hypergroups is polygroups, introduced
by Bonansinga and Corsini [34], and discussed by many scholars [32,33,35–46]. Comer used polygroups to study color
algebra [35,36], and considered some algebraic and combinatorial properties of polygroups [37,38]. In [39], Davvaz and
Poursalavati introduced matrix representations of polygroups over hyperrings, and the notion of a polygroup hyperring as
a generalization of a group ring. Also, Davvaz [40] defined the permutation polygroups, by using the concept of generalized
permutation. For generalizing the classical isomorphism theorems for groups to polygroups, he [41] further proved the
fundamental homomorphism theorem for polygroups and established three isomorphism theorems for polygroups.
Inspired by the study of algebraic structures of soft sets, our aim in this paper is to initiate research on the connection
between soft sets and hyperalgebraic structures. In this paper, we apply the notion of soft sets to polygroups. Some related
notions, such as those of soft polygroups, normal soft polygroups, soft subpolygroups, and normal soft subpolygroups,
are defined, and several basic properties are discussed by using the soft set theory. Furthermore, we consider the
homomorphism and isomorphism of soft polygroups, and extend the three isomorphism theorems for polygroups to soft
polygroups.
2. Preliminaries
In this section, we review some notions and results concerning polygroups and soft sets. See [1,7,8,20,27,33,35,41–44].
A hypergroupoid (H, ◦) is a non-empty set H together with a hyperoperation ◦ defined on H , i.e., a mapping H × H →
P∗(H), where P∗(H) is the set of all non-empty subsets of H . If x ∈ H and A, B are subsets of H , then A ◦ B =
a∈A,b∈B a ◦ b, A ◦ x = A ◦ {x} and x ◦ B = {x} ◦ B.
A hypergroupoid (H, ◦) is called a hypergroup if for all x, y, z ∈ H , the following two conditions hold: x◦(y◦z) = (x◦y)◦z
and x ◦ H = H ◦ x = H . A polygroup is a special case of a hypergroup.
Definition 2.1 ([35]). A polygroup is a system < P, ◦, e ,−1 >, where e ∈ P ,−1 is a unitary operation on P, ◦ maps P × P
into the non-empty subsets of P , and the following axioms hold for all x, y, z in P:
(1) (x ◦ y) ◦ z = x ◦ (y ◦ z);
(2) e ◦ x = x ◦ e = x;
(3) x ∈ y ◦ z implies y ∈ x ◦ z−1 and z ∈ y−1 ◦ x.
The following elementary facts concerning polygroups follow easily from the axioms: e ∈ x ◦ x−1 ∩ x−1 ◦ x, e−1 =
e, (x−1)−1 = x and (x ◦ y)−1 = y−1 ◦ x−1, where A−1 = {a−1 | a ∈ A}. We write ab instead of a ◦ b. In fact, a polygroup is a
hypergroup containing an identity element.
Example 2.2 ([35]). Suppose H is a subgroup of a group G. Define a system G//H =< {HgH | g ∈ G}, ∗,H ,−I >, where
(HgH)−I = Hg−1H and (Hg1H)∗(Hg2H) = {Hg1hg2H | h ∈ H}. The algebra of double cosets G//H is a polygroup introduced
in Dresher and Ore [47].
A non-empty subsetK of a polygroup P is a subpolygroup of P if, under the hyperoperation in P, K itself forms a polygroup.
There is a criterion for deciding whether a given subset of a polygroup is a subpolygroup. A non-empty subset K of a
polygroup P is a subpolygroup of P if and only if a, b ∈ K implies ab ⊆ K , and a ∈ K implies a−1 ∈ K . Furthermore,
the subpolygroup N of P is normal in P if and only if a−1Na ⊆ N for all a ∈ P .
Corollary 2.3 ([42]). Let N be a normal subpolygroup of P. Then:
(1) Na = aN for all a ∈ P;
(2) (aN)(bN) = abN for all a, b ∈ P;
(3) aN = bN for all b ∈ aN;
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Lemma 2.4 ([42]). Let N be a normal subpolygroup of P. Then for all a, b ∈ P, we have abN = cN for all c ∈ ab.
If N is a normal subpolygroup of P , then < P/N,⊙,N ,−I > is a polygroup, where aN ⊙ bN = {cN | c ∈ abN} and
(aN)−I = a−1N . We call P/N a factor polygroup.
Definition 2.5 ([44]). Let< P1, ◦1, e1 ,−1 > and< P2, ◦2, e2 ,−1 > be polygroups. A mapping f from P1 into P2 is said to be
a strong homomorphism if for all a, b ∈ P1,
(1) f (e1) = e2;
(2) f (ab) = f (a)f (b).
A strong homomorphism f is called an isomorphism if f is a bijective mapping. If f is a strong homomorphism from P1
into P2, then the kernel of f is the set ker f = {x ∈ P1 | f (x) = e2}. ker f is a subpolygroup of P1 but in general is not normal
in P1.
Now, we review some notions concerning soft sets. Let U be an initial universe set and E be a set of parameters.P(U)
denotes the power set of U and A ⊆ E.
Definition 2.6 ([7]). A pair (F , A) is called a soft set over U , where F is a mapping given by F : A → P(U).
In fact, a soft set over U is a parameterized family of subsets of the universe U . For ε ∈ A, F(ε)may be considered as the
set of ε-approximate elements of the soft set (F , A). We quote the following example from [1].
Example 2.7 ([1]). Consider a soft set (F , E), which describes the ‘‘attractiveness of houses’’ that one is considering for
purchase. Suppose that there are six houses in the universeU , given byU = {h1, h2, h3, h4, h5, h6} and E = {e1, e2, e3, e4, e5}
is a set of decision parameters, where ei(i = 1, 2, 3, 4, 5) stand for the parameters ‘‘expensive’’, ‘‘beautiful’’, ‘‘wooden’’,
‘‘cheap’’ and ‘‘in green surroundings’’, respectively. Consider the mapping F denoted by houses(·), where the dot position
(·) is to be filled by a parameter e ∈ E. Suppose that F(e1) = {h2, h4}, F(e2) = {h1, h3}, F(e3) = {h3, h4, h5}, F(e4) =
{h1, h3, h5}, F(e5) = {h1}. The soft set (F , E) is a parameterized family {F(ei), i = 1, . . . , 5} of subsets of the set U ,
and can be viewed as a collection of approximations: (F , E) = {expensive houses = {h2, h4}, beautiful houses =
{h1, h3},wooden houses = {h3, h4, h5}, cheap houses = {h1, h3, h5}, in green surroundings houses = {h1}}.
Definition 2.8 ([1]). For two soft sets (F , A) and (G, B) over U , we say that (F , A) is a soft subset of (G, B), denoted by
(F , A)⊆(G, B), if the following conditions hold: (1) A ⊆ B; (2) for all ε ∈ A, F(ε) and G(ε) are identical approximations.
Two soft sets (F , A) and (G, B) over U are called soft equal if (F , A)⊆(G, B) and (G, B)⊆(F , A).
Definition 2.9 ([1]). The intersection of two soft sets (F , A) and (G, B) overU such that A∩B ≠ ∅ is the soft set (H, C)where
C = A∩B and ∀ε ∈ C,H(ε) = F(ε) orG(ε) (as they are the same set).We denote the relationship by (F , A)∩(G, B) = (H, C).
However, the intersection of two soft sets may only be a partial operation. If (F , A) and (G, B) are two different soft sets,
for a particular common parameter, say c ∈ A∩ B, F(c) ≠ G(c) in general. Therefore, Ali et al. [20] introduced the following
new definitions of intersections.
Definition 2.10 ([20]). The extended intersection of two soft sets (F , A) and (G, B) over U is the soft set (H, C) where
C = A ∪ B and ∀ε ∈ C ,
H(ε) =
F(ε) if ε ∈ A− B,
G(ε) if ε ∈ B− A,
F(ε) ∩ G(ε) if ε ∈ A ∩ B.
We write (F , A)∩E (G, B) = (H, C).
Definition 2.11 ([20]). The restricted intersection (or bi-intersection [27]) of two soft sets (F , A) and (G, B) over U such that
A ∩ B ≠ ∅ is the soft set (H, C) where C = A ∩ B and for all ε ∈ C,H(ε) = F(ε) ∩ G(ε). The relationship is denoted by
(F , A)∩R(G, B) = (H, C).
Definition 2.12 ([1]). The union of two soft sets (F , A) and (G, B) over U is the soft set (H, C), where C = A∪ B, and ∀ε ∈ C ,
H(ε) =
F(ε) if ε ∈ A− B,
G(ε) if ε ∈ B− A,
F(ε) ∪ G(ε) if ε ∈ A ∩ B.
The relationship is denoted by (F , A)∪(G, B) = (H, C).
Definition 2.13 ([20]). The restricted union of two soft sets (F , A) and (G, B) over U such that A∩B ≠ ∅ is the soft set (H, C)
where C = A ∩ B and for all ε ∈ C,H(ε) = F(ε) ∪ G(ε). We write (F , A)∪R(G, B) = (H, C).
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Definition 2.14 ([1]). If (F , A) and (G, B) are two soft sets over U , then ‘‘(F , A) AND (G, B)’’, denoted by (F , A)∧(G, B), is
defined as (F , A)∧(G, B) = (H, A× B), where H(x, y) = F(x) ∩ G(y) for all (x, y) ∈ A× B.
Definition 2.15 ([1]). If (F , A) and (G, B) are two soft sets overU , then ‘‘(F , A)OR (G, B)’’, denoted by (F , A)∨(G, B), is defined
as (F , A)∨(G, B) = (H, A× B), where H(x, y) = F(x) ∪ G(y) for all (x, y) ∈ A× B.
Definition 2.16 ([27]). Let (F , A) be a soft set. The set Supp(F , A) = {x ∈ A | F(x) ≠ ∅} is called the support of the soft set
(F , A). A soft set (F , A) is non-null if Supp(F , A) ≠ ∅.
3. (Normal) soft polygroups
In what follows, let P be a polygroup and A be a non-empty set. R is an arbitrary binary relation between an element of
A and an element of P . A set-valued function F : A → P(P) can be defined as F(x) = {y ∈ P | (x, y) ∈ R} for all x ∈ A. Then
the pair (F , A) is a soft set over P .
Definition 3.1. Let (F , A) be a non-null soft set over P . Then (F , A) is called a (normal) soft polygroup over P if F(x) is a
(normal) subpolygroup of P for all x ∈ Supp(F , A).
Example 3.2. Let P = {e, a, b, c} be a set with a hyperoperation ◦ as follows:
◦ e a b c
e e a b c
a a {e, a} c {b, c}
b b c e a
c c {b, c} a {e, a}
Then P is a polygroup [48].
Let (F , A) be a soft set over P , where A = P and F : A → P(P) is a set-valued function defined by
F(x) = {y ∈ P | xRy ⇔ y ∈ x2}
for all x ∈ A. Then F(e) = F(b) = {e} and F(a) = F(c) = {e, a} are subpolygroups of P . Hence (F , A) is a soft polygroup
over P .
Let A′ = P and F ′ : A′ → P(P) be a set-valued function defined by
F ′(x) = {e, a} ∪ {y ∈ P | xR′y ⇔ xy ⊆ {b, c}}
for all x ∈ A′. Then F ′(e) = F ′(a) = {e, a, b, c} and F ′(b) = F ′(c) = {e, a} are normal subpolygroups of P . Thus (F ′, A′) is a
normal soft polygroup over P .
From Definition 3.1, we know that every normal soft polygroup over P is a soft polygroup over P; however, the converse
is not true in general. For example, the (F , A) defined above is not a normal soft polygroup over P because {e} is not a normal
subpolygroup of P .
Theorem 3.3. Let (F , A) be a (normal) soft polygroup over P and B ⊆ A; then (F |B, B) is a (normal) soft polygroup over P if it is
non-null.
Proof. It is straightforward. 
The following example demonstrates that there exists a soft set (F , A) over P such that (F , A) is not a soft polygroup over
P , but there exists a subset B of A such that (F |B, B) is a soft polygroup over P .
Example 3.4. Let P be the polygroup described in Example 3.2, and (F , A) be the soft set over P where A = P and
F : A → P(P) is a set-valued function defined by
F(x) = {y ∈ P | xRy ⇔ xy ⊆ {e, a}}
for all x ∈ A. Then F(e) = F(a) = {e, a} is a subpolygroup of P , but F(b) = F(c) = {b, c} is not a subpolygroup of P since
bc = {a} ⊈ {b, c}. Therefore, (F , A) is not a soft polygroup over P . However, if we take B = {e, a} ⊆ A, then (F |B, B) is a soft
polygroup over P .
Theorem 3.5. Let (F , A) and (G, B) be two (normal) soft polygroups over P.
(1) (F , A)∩E (G, B) is a (normal) soft polygroup over P if it is non-null.
(2) If A ∩ B ≠ ∅, then (F , A)∩R(G, B) is a (normal) soft polygroup over P whenever it is non-null.
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Proof. (1) Using Definition 2.10, let (F , A)∩E (G, B) = (H, C), where C = A ∪ B, and for all x ∈ C ,
H(x) =
F(x) if x ∈ A− B,
G(x) if x ∈ B− A,
F(x) ∩ G(x) if x ∈ A ∩ B.
From the hypothesis, we know that the soft set (H, C) is a non-null soft set. For all x ∈ supp(H, C), if x ∈ A − B, then
H(x) = F(x) is a (normal) subpolygroup of P , since (F , A) is a (normal) soft polygroup over P; if x ∈ B− A, then H(x) = G(x)
is a (normal) subpolygroup of P , since (G, B) is a (normal) soft polygroup over P; if x ∈ A ∩ B, then H(x) = F(x) ∩ G(x) is a
(normal) subpolygroup of P , since the intersection of any two (normal) subpolygroups of P is also a (normal) subpolygroup
of P . Hence, (H, C) = (F , A)∩E (G, B) is a (normal) soft polygroup over P .
(2) According to Definition 2.11 and the proof of (1), it follows that (F , A)∩R(G, B) is a (normal) soft polygroup
over P . 
From the theorem above, we have the following corollary.
Corollary 3.6. Let (Fi, Ai)i∈I be a non-empty family of (normal) soft polygroups over P, where I is an index set.
(1) (∩E )i∈I(Fi, Ai) is a (normal) soft polygroup over P if it is non-null.
(2) If ∩i∈I Ai ≠ ∅, then (∩R)i∈I(Fi, Ai) is a (normal) soft polygroup over P whenever it is non-null.
Theorem 3.7. Let (F , A) and (G, B) be two soft polygroups over P. If A∩ B = ∅, then (F , A)∪(G, B) is a (normal) soft polygroup
over P.
Proof. According to Definition 2.12, we can define (F , A)∪(G, B) as (H, C), where C = A ∪ B and for all x ∈ C ,
H(x) =
F(x) if x ∈ A− B,
G(x) if x ∈ B− A,
F(x) ∪ G(x) if x ∈ A ∩ B.
Since A∩ B = ∅, we have Supp(H, C) = Supp(F , A)∪ Supp(G, B) ≠ ∅, that is, (H, C) is non-null. For every x ∈ Supp(H, C),
if x ∈ A − B, then H(x) = F(x) is a (normal) subpolygroup of P , since (F , A) is a (normal) soft polygroup over P; if
x ∈ B − A, then H(x) = G(x) is a (normal) subpolygroup of P , since (G, B) is a (normal) soft polygroup over P . Therefore,
(H, C) = (F , A)∪(G, B) is a soft polygroup over P . 
The following example shows that Theorem 3.7 is not true in general if A and B are not disjoint.
Example 3.8. Let (F , A) be the soft polygroup over P given in Example 3.2, and (G, B) be a soft set over P , where B = {a}
and G : B → P(P) is a set-valued function defined by
G(x) = {y ∈ P | xR′y ⇔ xy ⊆ {a, c}}
for all x ∈ B. Then G(a) = {e, b} is a subpolygroup of P . Hence, (G, B) is a soft polygroup over P . However, (H, C) =
(F , A)∪(G, B) is not a soft polygroup over P because H(a) = F(a) ∪ G(a) = {e, a, b} is not a subpolygroup of P for
ab = {c} ⊈ H(a).
Theorem 3.9. Let (F , A) and (G, B) be two (normal) soft polygroups over P. Then (F , A)∧(G, B) is a (normal) soft polygroup
over P.
Proof. Using Definition 2.14, we know that (F , A)∧(G, B) = (H, A× B), where H(x, y) = F(x) ∩ G(y) for all (x, y) ∈ A× B.
Obviously, Supp(H, A × B) = Supp(F , A) × Supp(G, B) ≠ ∅. Since the intersection of any two (normal) subpolygroups
of P is a (normal) subpolygroup of P , it follows that H(x, y) = F(x) ∩ G(y) is a (normal) subpolygroup of P for all
(x, y) ∈ Supp(H, A× B). Consequently, (H, A× B) is a (normal) soft polygroup over P . 
From Theorems 3.7 and 3.9, we obtain the following corollary.
Corollary 3.10. Let (Fi, Ai)i∈I be a non-empty family of (normal) soft polygroups over P, where I is an index set.
(1) If Ai ∩ Aj = ∅ for all i, j ∈ I and i ≠ j, then∪i∈I(Fi, Ai) is a (normal) soft polygroup over P.
(2) ∧i∈I(Fi, Ai) is a (normal) soft polygroup over P.
Definition 3.11. Let (F , A) is a soft polygroup over P . Then:
(1) (F , A) is called an identity soft polygroup over P if F(x) = {e} for all x ∈ A, where e is the identity element of P;
(2) (F , A) is called an absolute soft polygroup over P if F(x) = P for all x ∈ A.
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Example 3.12. Consider the polygroup P defined in Example 3.2. Let A = P and F : A → P(P) be the set-valued function
defined by
F(x) = {y ∈ P | xRy ⇔ xy = x}
for all x ∈ A. Then F(e) = F(a) = F(b) = F(c) = {e} and so (F , A) is an identity soft polygroup over P .
Let B = P and G : B → P(P) be the set-valued function defined by
G(x) = {y ∈ P | xR′y ⇔ xy ⊆ P}
for all x ∈ B. Then G(x) = P for all x ∈ B and so (G, B) is an absolute soft polygroup over P .
Theorem 3.13. Let P1 and P2 be two polygroups, and f : P1 → P2 be a strong homomorphism. If (F , A) is a soft polygroup over
P1, then (f (F), A) is a soft polygroup over P2. Moreover, if f is onto and (F , A) is a normal soft polygroup over P1, then (f (F), A)
is a normal soft polygroup over P2.
Proof. It is clear that Supp(f (F), A) = Supp(F , A). For every x ∈ Supp(f (F), A), we have that f (F)(x) = f (F(x)) is a
subpolygroup of P2, since F(x) is a subpolygroup of P1 and its homomorphic image is also a subpolygroup of P2. Therefore,
(f (F), A) is a soft polygroup over P2.
Furthermore, we can deduce that f (F)(x) = f (F(x)) is a normal subpolygroup of P2 for all x ∈ Supp(f (F), A), since F(x)
is a normal subpolygroup of P1 and f is onto. Hence, (f (F), A) is a normal soft polygroup over P2. 
Theorem 3.14. Let P1 and P2 be two polygroups, f : P1 → P2 be a strong homomorphism, and (F , A) be a soft polygroup over
P1.
(1) If F(x) = ker f for all x ∈ A, then (f (F), A) is an identity polygroup over P2.
(2) If f is onto and (F , A) is an absolute soft polygroup over P1, then (f (F), A) is an absolute soft polygroup over P2.
Proof. (1) For every x ∈ A, we have f (F)(x) = f (F(x)) = e2, according to the hypothesis F(x) = ker f . Therefore, it follows
from Theorem 3.13 and Definition 3.11(1) that (f (F), A) is an identity polygroup over P2.
(2) Since f is onto and (F , A) is an absolute soft polygroup over P1, we have f (F(x)) = f (P1) = P2 for all x ∈ A. Hence
(f (F), A) is an absolute soft polygroup over P2 by Theorem 3.13 and Definition 3.11(2). 
Definition 3.15. Let (F , A) and (G, B) be two soft polygroups over P . Then (G, B) is called a (normal) soft subpolygroup of
(F , A) if the following conditions are satisfied:
(1) B ⊆ A;
(2) for all x ∈ Supp(G, B),G(x) is a (normal) subpolygroup of F(x).
Example 3.16. Consider the polygroup P described in Example 3.2. Let A = P and F : A → P(P) be the set-valued function
defined by
F(x) = {e, b} ∪ {y ∈ P | xRy ⇔ xy ⊆ {a, c}}
for all x ∈ A. Then F(e) = F(b) = {e, a, b, c} and F(a) = F(c) = {e, b} are subpolygroups of P , so (F , A) is a soft polygroup
over P .
Let B = {e, a, b} ⊆ A and G : B → P(P) be the set-valued function defined by
G(x) = {e} ∪ {y ∈ P | xR1y ⇔ xy ⊆ {e, b}}
for all x ∈ B. Then G(e) = {e, b},G(a) = {e} and G(b) = {e, b} are subpolygroups of F(e), F(a) and F(b), respectively.
Therefore, (G, B) is a soft subpolygroup of (F , A).
Let B′ = {a, b, c} ⊆ A and G′ : B′ → P(P) be the set-valued function defined by
G′(x) = {e} ∪ {y ∈ P | xR2y ⇔ xy = c}
for all x ∈ B′. Then G′(a) = {e, b},G′(b) = {e, a} and G′(c) = {e} are normal subpolygroups of F(a), F(b) and F(c),
respectively, so (G′, B′) is a normal soft subpolygroup of (F , A).
Theorem 3.17. Let (F , A) and (G, B) be soft polygroups over P. If B ⊆ A and G(x) ⊆ F(x) for all x ∈ supp(G, B), then (G, B) is
a soft subpolygroup of (F , A). Moreover, if (G, B) is a normal soft polygroup over P, then (G, B) is a normal soft subpolygroup of
(F , A).
Proof. Straightforward. 
Theorem 3.18. Let (F , A) be a soft polygroup over P, and (Gi, Bi)i∈I be a non-empty family of (normal) soft subpolygroups of
(F , A), where I is an index set.
(1) (∩E )i∈I(Gi, Bi) is a (normal) soft subpolygroup of (F , A) if it is non-null.
(2) If ∩i∈I Bi ≠ ∅, then (∩R)i∈I(Gi, Bi) is a (normal) soft subpolygroup of (F , A) whenever it is non-null.
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(3) If Bi ∩ Bj = ∅ for all i, j ∈ I and i ≠ j, then∪i∈I(Gi, Bi) is a (normal) soft subpolygroup of (F , A).
(4) ∧i∈I(Gi, Bi) is a (normal) soft subpolygroup of the soft polygroup∧i∈I(F , A).
Proof. Using Definitions 2.10–2.12, 2.14 and 3.15, the proofs can be achieved. 
Theorem 3.19. Let P1 and P2 be two polygroups, and f : P1 → P2 be a strong homomorphism. If (F , A) and (G, B) are soft
polygroups over P1, and (G, B) is a (normal) soft subpolygroup of (F , A), then (f (G), B) is a (normal) soft subpolygroup of
(f (F), A).
Proof. Since (F , A) and (G, B) are soft polygroups over P1, it follows from Theorem 3.13 that (f (F), A) and (f (G), B) are both
soft polygroups over P2. It is clear that Supp(f (G), B) = Supp(G, B). Since (G, B) is a soft subpolygroup of (F , A), we have
that B ⊆ A and G(x) is a subpolygroup of F(x) for all x ∈ Supp(G, B). Moreover, we conclude that f (G)(x) is a subpolygroup
of f (F)(x) for all x ∈ Supp(f (G), B). Hence, (f (G), B) is a soft subpolygroup of (f (F), A).
Furthermore, for all x ∈ Supp(f (G), B), let a ∈ f (F)(x), n ∈ f (G)(x); then there exists b ∈ F(x),m ∈ G(x) such that
f (b) = a, f (m) = n. So we have a−1na = (f (b))−1f (m)f (b) = f (b−1)f (m)f (b) = f (b−1mb). Because G(x) is a normal
subpolygroup of F(x), we have b−1mb ⊆ G(x). Thus, a−1na ⊆ f (G(x)) = f (G)(x). Consequently, f (G)(x) is a normal
subpolygroup of f (F)(x) for all x ∈ Supp(f (G), B). So we obtain that (f (G), B) is a normal soft subpolygroup of (f (F), A). 
4. The homomorphism and isomorphism of soft polygroups
Definition 4.1. Let P1 and P2 be two polygroups, (F , A) and (G, B) be soft polygroups over P1 and P2 respectively, and
f : P1 → P2 and g : A → B be two mappings. Then (f , g) is called a soft homomorphism if the following conditions
hold:
(1) f is a strong epimorphism;
(2) g is a surjective mapping;
(3) for all x ∈ A, f (F(x)) = G(g(x)).
If there is a soft homomorphism (f , g) between (F , A) and (G, B), we say that (F , A) is soft homomorphic to (G, B),
denoted by (F , A) ∼ (G, B). Furthermore, if f is a strong isomorphism and g is a bijective mapping, then (f , g) is called
a soft isomorphism, and (F , A) is soft isomorphic to (G, B), denoted by (F , A) ≃ (G, B).
Example 4.2. Consider the polygroups P1 = P given in Example 3.2 and P2 = {e} × P with the following Cayley table:
◦2 (e, e) (e, a) (e, b) (e, c)
(e, e) (e, e) (e, a) (e, b) (e, c)
(e, a) (e, a) {(e, e), (e, a)} (e, c) {(e, b), (e, c)}
(e, b) (e, b) (e, c) (e, e) (e, a)
(e, c) (e, c) {(e, b), (e, c)} (e, a) {(e, e), (e, a)}
The mapping f : P1 → P2 is defined by f (x) = (e, x) for all x ∈ P1. It is clear that f is a strong isomorphism. Let (F , A) be
a soft polygroup over P1 and (G, B) be a soft polygroup over P2, where A = {e, a}, B = {(e, e), (e, a)} and the set-valued
functions F : A → P(P1) and G : B → P(P2) are defined by F(x) = {y ∈ P1 | xR1y ⇔ y ∈ x2} for all x ∈ A and
G((e, x)) = {(e, y) ∈ P2 | (e, x)R2(e, y) ⇔ (e, y) ∈ (e, x)2} for all (e, x) ∈ B, respectively. Furthermore, we define the
mapping g : A → B by g(x) = (e, x) for all x ∈ A. It is easy to check that the mapping g is bijective. Since f (F(e)) = f (e) =
(e, e),G(g(e)) = G((e, e)) = (e, e), f (F(a)) = f ({e, a}) = {(e, e), (e, a)} and G(g(a)) = G((e, a)) = {(e, e), (e, a)}, we
conclude that f (F(x)) = G(g(x)) for all x ∈ A. Therefore, (f , g) is a soft isomorphism and (F , A) ≃ (G, B).
Theorem 4.3. Let P1 and P2 be two polygroups, (F , A) and (G, B) be soft polygroups over P1 and P2 respectively, and (F , A) ∼
(G, B). If (F , A) is a normal soft polygroup over P1, then (G, B) is a normal soft polygroup over P2.
Proof. Let (f , g) be a soft homomorphism from (F , A) to (G, B). For all x ∈ supp(F , A), F(x) is a normal subpolygroup of P1;
then f (F(x)) a normal subpolygroup of P2. For all y ∈ supp(G, B), there exists x ∈ supp(F , A) such that g(x) = y. Hence,
G(y) = G(g(x)) = f (F(x)) is a normal subpolygroup of P2. Consequently, (G, B) is a normal soft polygroup over P2. 
Theorem 4.4. Let N be a normal subpolygroup of P, and (F , A) be a soft polygroup over P; then (F , A) ∼ (G, A), where
G(x) = F(x)/N for all x ∈ A, and N ⊆ F(x) for all x ∈ supp(F , A).1
Proof. It is clear that supp(G, A) = supp(F , A). We know that P/N is a factor polygroup. Since for all x ∈ supp(F , A), F(x)
is a subpolygroup of P and N ⊆ F(x), it follows that F(x)/N is also a factor polygroup, which is a subpolygroup of P/N . So
(G, A) is a soft polygroup over P/N . Let f : P → P/N, f (a) = aN . Clearly, f is a strong epimorphism. Let g : A → A, g(x) = x.
Then g is a surjective mapping. For all x ∈ supp(F , A), f (F(x)) = F(x)/N = G(x) = G(g(x)). For all x ∈ A− supp(F , A), we
obtain easily that f (F(x)) = ∅ = G(g(x)). Therefore, (f , g) is a soft homomorphism, and (F , A) ∼ (G, B). 
1 If x ∈ A− supp(F , A), we mean that G(x) = F(x)/N = ∅. This is the same as Theorems 4.5–4.7.
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Theorem 4.5 (First Isomorphism Theorem). Let P1 and P2 be two polygroups, (F , A) and (G, B) be soft polygroups over P1 and P2
respectively, and (F , A) ∼ (G, B) with kernel N such that N is a normal subpolygroup of P1. If N ⊆ F(x) for all x ∈ supp(F , A),
then:
(1) (H, A) ≃ (J, A), where H(x) = F(x)/N and J(x) = f (F(x)) for all x ∈ A;
(2) if g is a bijective mapping, then (H, A) ≃ (G, B).
Proof. (1) We have that (H, A) is a soft polygroup over P1/N . From the definitions of (H, A) and (J, A), it is clear that
supp(H, A) = supp(J, A) = supp(F , A). For all x ∈ supp(J, A), J(x) = f (F(x)) = G(g(x)) is a subpolygroup of P2;
hence (J, A) is a soft polygroup over P2. Let f ′ : P1/N → P2, f ′(aN) = f (a); then f ′ is a strong isomorphism. Suppose
that g ′ : A → A, g ′(x) = x; then g ′ is a bijective mapping. Furthermore, f ′(H(x)) = f ′(F(x)/N) = f (F(x)) = J(x) = J(g ′(x))
for all x ∈ supp(H, A). Therefore, (f ′, g ′) is a soft isomorphism, which implies that (H, A) ≃ (J, A).
(2) Let f ′ be the mapping defined above; then f ′ is a strong isomorphism from P1/N to P2. g is a injective mapping and
f ′(H(x)) = f ′(F(x)/N) = f (F(x)) = G(g(x)) for all x ∈ supp(H, A). Hence, (f ′, g) is a soft isomorphism. Furthermore, we
have (H, A) ≃ (G, B). 
Theorem 4.6 (Second Isomorphism Theorem). Let K be a subpolygroup of P, and N be a normal subpolygroup of P. If (F , A) is
a soft polygroup of K , then (H, A) ≃ (G, A) where H(x) = F(x)/(N ∩ K) and G(x) = F(x)N/N for all x ∈ A, and N ∩ K ⊆ F(x)
for all x ∈ supp(F , A).
Proof. It is easy to obtain that KN is a subpolygroup of P . Since N = eN ⊆ KN,N is a normal subpolygroup of KN . Hence
KN/N is defined. Since N ⊆ F(x)N for all x ∈ supp(F , A), F(x)N/N is defined and is a subpolygroup of KN/N . From the
definitions of (H, A) and (G, A), it is clear that supp(H, A) = supp(G, A) = supp(F , A). So (G, A) is a soft polygroup over
KN/N . We define f : K → KN/N by f (x) = xN; then f is a strong epimorphism. The mapping g : A → A is defined by
g(x) = x, so g is a bijection. For all x ∈ supp(F , A), f (F(x)) = {aN|a ∈ F(x)} = F(x)N/N = G(x) = G(g(x)). Therefore,
(F , A) ∼ (G, A). Since N ∩ K is a normal subpolygroup of K , if we have ker f = N ∩ K , then (H, A) ≃ (G, A) according to
Theorem 4.5(2). For any b ∈ K , b ∈ ker f ⇔ f (b) = N ⇔ bN = N ⇔ b ∈ N (with b ∈ K )⇔ b ∈ N ∩ K , so ker f = N ∩ K .
Furthermore, it follows that (H, A) ≃ (G, A). 
Theorem 4.7 (Third Isomorphism Theorem). Let K and N be normal subpolygroups of P such that N ⊆ K. If (F , A) is a
soft polygroup over P, and K ⊆ F(x) for all x ∈ supp(F , A), then (H, A) ≃ (G, A) where H(x) = (F(x)/N)/(K/N) and
G(x) = F(x)/K for all x ∈ A.
Proof. Since K and N are normal subpolygroups of P , and N ⊆ K , we know that K/N is a normal subpolygroup of P/N ,
so (P/N)/(K/N) is defined. Furthermore, for every x ∈ supp(F , A), (F(x)/N)/(K/N) is defined and is a subpolygroup of
(P/N)/(K/N), because F(x) is a subpolygroup of P and N ⊆ K ⊆ F(x). Clearly, we have supp(H, A) = supp(G, A) =
supp(F , A). So (H, A) is a soft polygroup over (P/N)/(K/N). Let (J, A) be the soft set, where J(x) = F(x)/N for all x ∈ A.
Obviously, supp(J, A) = supp(F , A), and (J, A) is a soft polygroup over P/N . Also, (G, A) is a soft polygroup over P/K .
Let f : P/N → P/K be denoted by f (xN) = xK . Then f is a strong epimorphism. Define g : A → A by g(x) = x,
which is a bijective mapping. Furthermore, for all x ∈ supp(J, A), f (J(x)) = f (F(x)/N) = F(x)/K = G(x) = G(g(x)).
Consequently, we have (J, A) ∼ (G, A). If we can prove ker f = K/N , then (H, A) ≃ (G, A) by using Theorem 4.5(2). For
any aN ∈ P/N, aN ∈ ker f ⇔ f (aN) = K ⇔ aK = K ⇔ a ∈ K ⇔ aN ∈ K/N; therefore, ker f = K/N . So we have
(H, A) ≃ (G, A). 
5. Conclusions
We apply soft set theory to algebraic hyperstructures, motivated by the study of algebraic structures of soft sets. In
this paper, we introduce soft polygroups, and generalize some notions and properties of soft groups to soft polygroups.
Furthermore, we establish three isomorphism theorems for soft polygroups. On the basis of these results, we will apply soft
set theory to other algebraic hyperstructures, such as hyperrings and hypermodules.
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